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GENERAL IDEA

Design
Fuzzy Hit-or-Miss operator using implications derived
from uninorms.

Study
Its theoretical properties.

Analyze
Experimental results.
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LOGICAL OPERATORS

Definition

A non-decreasing binary operator C : [0,1]> — [0, 1] is
called a fuzzy conjunction if it satisfies

C(0,1) = C(1,0) = 0 and C(1,1) = 1.

Definition

A fuzzy conjunction T on [0, 1] is called a t-norm when it
Is commutative, associative and it satisfies T(1,x) = x for
all x € [0,1].



LOGICAL OPERATORS

Definition

A binary operator | : [0,1]* — [0,1] is a fuzzy implication
function if it is non-increasing in the first variable,
non-decreasing in the second one and it satisfies
1(0,0) =1(1,1) =1and I(1,0) = 0.

Definition

A non-increasing function N : [0,1] — [0, 1] is called a
strong fuzzy negation if it is an involution, i.e., if
N(N(x)) = x for all x € [0,1].




LOGICAL OPERATORS

Definition
A non-decreasing binary operator U : [0,1]> — [0,1] is a
uninorm if it is associative, commutative and there exists
e € [0,1] such that U(x, e) = U(e,x) = x for all x € [0,1].
- U is conjunctive if U(0,1) = 0.
- Uis idempotent if U(x,x) = x for all x € [0, 1].
- U is representable if is conjunctive and there exists a
continuous, strictly increasing function
h :[0,1 — [—o0, +o0], with h(0) = —o0, h(e) = 0 and
h(1) = +oo such that Un(x,y) = h='(h(x) + h(y)) for

all (x,y) € [0,1]*\ {(0,1),(1,0)} and
U(0,1) = U(1,0) = 0.



LOGICAL OPERATORS

Definition
Given a fuzzy conjunction C such that C(1,x) > 0 for all
x > 0, the binary operator

le(x,y) = sup{z € [0,7] | C(x,2) <y}

Implications from uninorms

All representable uninorms admit a residuated fuzzy
implication function.



FORMAL DESCRIPTION OF IMAGES

Definition
A multivariate image, A,isa map A : Z" — 6, X ... X G,
where € C R are its channels.

A structuring element, B, is a one-channel image.
We consider that %, = [0, 1].

The spatial translation by a vector v e Z", T,, is a map
such that

VdcZ'VaeZ", aeT,/(d) < a-ved.



FUZZY MATHEMATICAL MORPHOLOGY

BINARY MORPHOLOGY — BASIC OPERATORS

Dilation: A®B = UpesAbs
Erosion: AeB = {x : By C A}



FUZZY MATHEMATICAL MORPHOLOGY

FUZZY MORPHOLOGY — BASIC OPERATORS

Dilation: Dc(A,B)(y) =  sup C(B(x—y),A(x)),
xedaNTy(dp)
Erosion:  &(A,B)(y) = inf  1(B(x—y),A(x)).

XEdAﬂTy(dB)



FUZZY MATHEMATICAL MORPHOLOGY

GREY-SCALE STRUCTURING ELEMENTS

LR

Being close to one Beingto the right Beingina
object. of one object. diagonal layout.




FUZZY HIT-OR-MISS TRANSFORM

General idea
Two structuring elements, By, B,.

Hit: B, included in the image.
Miss: B, excluded from the image.



FUZZY HIT-OR-MISS TRANSFORM

BINARY HIT-OR-MISS

Definition
Let A be a binary image and B = (B4, By) a pair of binary
structuring elements. Then, the binary hit-or-miss

transform of A by B is

A® B = {X : (Bq)x - A, (BZ)X - AC} = (A@B1)0(AC@ Bz)



FUZZY HIT-OR-MISS TRANSFORM

FUZZY HIT-OR-MISS

Definition

Let N be a strong fuzzy negation, | a fuzzy implication
function and C a fuzzy conjunction. The fuzzy Hit-or-Miss
transform (FHM) of the grey-level fuzzy image A with
respect to the grey-scale structuring element B = (B4, B,)
is defined by

FHMcin(A, B)(y) = C(&(A, Bi)(¥), E(N(A), B2)()),

where N (A)(x) = N(A(x)) for all x € da and
C(A, B)(x) = C(A(x), B(x)), for all x € da N dp.



FUZZY HIT-OR-MISS TRANSFORM

USING UNINORMS

How?
Let U be a conjunctibe uninorm. Then, it admits the
residuated fuzzy implication function /.

FHMC,/U,N(A’ B)(y) = C(glu(Av 81)(y)’g/u(N(A)7 BZ)(y))

FHMUJU,N(A7 B)(y) = U(glu(Av 81)(y)7 glu(N(A)’ BZ)(y))



THEORETICAL PROPERTIES

HIGH OUTPUT IF SHAPE PRESENT
Low OUTPUT IF SHAPE NOT PRESENT
OUTPUT FOR UNIFORM REGIONS



HIGH OUTPUT IF SHAPE PRESENT

Theorem

Let N be a strong negation, B = (Bs, B,) be a grey-scale
structuring element where B, = N(B,) and B, is a part of
A at the point y. Let U be a conjunctive uninorm with
neutral element e € [0,1]. If one of the following two
cases hold:

- U is a representable uninorm, or

- U is a left-continuous idempotent uninorm
U= (N, e)jse and there is a point t such that B(t) = e;

then FMHMTy,, n(A, B)(y) = e.



LOW OUTPUT IF SHAPE NOT PRESENT

Theorem

Let T be a t-norm, N a strong negation and U be a
conjunctive representable uninorm. If A is a grey level
iImage and B, is a structuring element that is not a part
of A. Then for all points 'y € d,,

FMHMTT,/UW(A, B)(y) <e.



OUTPUT FOR UNIFORM REGIONS

Let T be a t-norm, U = (In %, €)rep, Iy its R-implication,

N(x) =1—x, A a grey-level image, B = (B1,N(Bs)) a pair of
structuring elements and y € d,. Let’s suppose that
Bi(x) = m for all x € dg, and that A(x) = R for all
X € dr,s,), with m < R. Then,

min (e i) » I T=Tw,

) i 77T

FMHMTT,IU’N(A,B)()/) = 07 [fT: TLK’

0, if T=Tom.



EXPERIMENTAL RESULTS



EXPERIMENTATION (1)

by = b, FOR GREY SHAPES

]
L
o R

(a) Original image

(c) Fuzzy Hit-or-Miss transform

Bi (foreground) Bo (background)

(b) Structuring element

(d) Thresholded Fuzzy Hit-or-Miss transform



EXPERIMENTATION (11)

CIRCULAR DARK SHAPES

(a) Original image

(c) Fuzzy Hit-or-Miss transform

o C

B (foreground) B (background)

(b) Structuring element

(d) Thresholded Fuzzy Hit-or-Miss trans-
form
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ANALYSIS AND REMARKS

v Gray-scale templates By, B,.
v Fuzzy approach.

- Interpretable degrees of fitting.
- Well-defined complementary of images.

v Expressive power vs computationally requirements.



ANALYSIS AND REMARKS

IMPACT OF UNINORMS

1.1

Disjunctive |
Behaviour

..................................................

Conjunctive
behaviour

(0,0



FUTURE WORK

- Best uninorms based on experimental results.
- Grey-scale images — Color images.
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